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| INTRODUCTION

A critical problem in a missile defense system is that of predicting
the trajectory and impact point for a ballistic reentry vehicle. This
memorandum will describe methods eof prediction as well as numerical results
for several representative examples. There are several reports'z.describ-
ing the estimation of the states of a ballistic missile; the ballistic
trajectory and impact point will be predicted by using these estimated

values.,

There are several important points to be considered. Fiist is the
choice of the coordinate system to be employed. Either a radar coordinate
system or a rectangular coordinate system centered at the radar site can
be used for the problems being studied. Second is the treatment of
physical parameters in the equation of motion, such as the ballistic co-
efficient of the reentry vehicle and the eccentricity and rotation of the
earth. Since the time required for computation may become significantly
large, it is also very desirable to find a closed-form solution of the
equation of motion, which is a rather complex nonlinear differential
equation. The important point here is how much the accuracy of the solu-
tion is degraded in obtaining a closed-form solution, Third is the propa-
gation of initial errors to the final values in prediction; this is val-
uable in order to trade off the magnitude of errors and the computation
time in estimation. For this purpose, the sensitivity of the initial

values to impact points is briefly investigated.

® References are listed at the end of the text.
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Il EQUATION OF MOTION

The tollowing ditterential equation in state-variable form describes
the motion of a ballistic missile; the derivation of this cquation is

shown in the Appendix and the coordinate system is shown in Fig. 1.

X = AY+B+C+D (i)
w
)
ta P [ TARGET)
:(z)
‘;zfx)
RADAR SITE

EARTH CENTER

TA-3180-40

FIG. 1 COORDINATE SYSTEM
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in which
XT + lx,y,z,%,%,2] = varget state
@ ® bt rth rotation rate
G = Product of gravitational constant and mass
of zarth
# v Geodetic latitude of radar
‘p, * Geocentric latitude of radar
£ * Atdospheric mass denaity au taiget position
B = Ballistic coefficient (i.e., seight-to-drag ratio)
R+ Earth radius to redar site
r * Magnitude of position vector from earth center
Lo target ‘
¥ =+ Velocity magnitude of target
g * Gravitationsl accelcration

br., Vo and pg wre tbe initial values of v, ¥V and g




¢ = FLecentricity of ref~vence ellipsoidal earth
(¢ = 0.0066945)

J - Mimensionless constant = 1,624 x 1073

123

Geocentric latitude of target

a = Equaterial radius of earth (20,926,743 {¢).

The linear coefficient matrix 4 is a 6 X 6 matrix whose elements are
constant except for three (lements containing the atmospheric mass density
The vector B is constant and the vector € is a nonlincar term that
s1ll be negligible if V, the magnitude of the target velocity, and r, the

magnitude of the position vector from the earth to the target, do not
change significantly. The last term D countains the elements describing
the influence of the eccentricity of the reference ellipsoidal earth.

Hence, il eccentricity ¢ is considered to be zero, then the term D vanishes.

One of the objectives of this report is to investigate simplifications
of the differential equation described above. If the terms € and D are
negligible, the differential equation will become X = AL + B. It is true
that a linear differential equation with time varying coefficients is no
better for finding an analytical solution than a nonlinear differential
equation. However, if the vime varying cocfficients are approximated as
constant for a certain time interval, then piecewise closed-form solutions
van be obtained,

Baxed on physical considerations, it is helpful far the purpose oi
the fallowing discussion to Jdivide the atmosphere into two regions, One
i~ called exoatzosphere, defined as the space above an altitude of
300,000 €t the other is called endnataosphere, defined as the space helow
an altitude of 300,000 fv.




11 ENDOATMOSPHERIC PREDICTION

For ballistic missiles at an altitude of 300,000 ft with a range
of 200 miles, it will take less than a minute for the high- vehicles
to impact and at most several minutes for the low-7 vehicles. There-
fore, the gravity gradient due to the oblateness o1 the eatth is negli-
gible, and the term D can be omitited in the investigation of endoatmos-
pheric trajectory prediction. The effect of the earth’ s rotation rate
« is also negligible, except for small deviations that are observed
during the last 10,000 ft before impact. The impact point is defined
in this report as the point at which a trajectory reaches an altitude

of 10,000 ft.

Theoretical considerations and numerical results obtained indicate
that the term C in Eq. (1) is negligible for endoatmosphere prediction,
and this is especially true for high-C missiles. An approximate differ-

ential equation describing the ballistic trajeciory takes the form ‘

fome »

s+ AX + B . (2)

Moreover, if a can be considered as zero. then the differential equation
is simplified further and becomes

[ o 0 1 0 o 1 [ o ]
0 0 0 0 1 0 1]
0 0 0 0 0 1 0
i’ . G¥ 1Y X.
- .--—’- 0 0 - w— vo 0 0 - 0
ra 2f
0 -E'; ] 0 -%x, 0 0
re *~
0 0 - E; 0 0 - %% Ve - fgf
'O o J o;
(1)
6
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The above equation generates predicted trajectories, which are very close
to the actual trajectories down to 50,000-ft altitude from an altitude of
300,000 fev. Hencw, i1 the intercept altitude is higher than 50,000 ft¢,
the ditferential Eq. (3) is a good approximation to the equation of motion
for both high-3 and low-£ missiles. For prediction of the trajectory down
te 10,000-1y altitude,ltho above differential equation is still a good

mdthcmatical model for high-5 missiles.

The density of the atmosphere changes 1n a complex manner. an expo-
nential curve was used Lo approximate the dens1ty altltude curve. As.
Fig. 2 shows, this curve does not ‘match exactly with the U.S. Standard
Atnosphere. L90°°— towever, for the predlctxon of an impact point, this

_exponential model is sufflc:entlv accurate.

“Several characteristics of Eg. (1) in endoatmospherc are discussed
in the tollowing sections, and the sensitivity of impact points to initial

values 1s mentieoned in Sec. V.

A.. Characteristics of th- Ballistic Trajectories
in bndoatmosphere ; L

As shown by the numerical results (aee Flg 3), ﬁrojections'pf the
traJertorles on the x-y- plane are almost stralght lines.: If the Pnitial
conditions are the same for tra;ector:es with dlfferent c¢nstant values

of 2, then the x-y prOJecclons of their tragen&orles wlll“lxc on top- of

each other with the high-2 missiles flying further than the low-£ missilcQ.

The impact points lie on a straight line in the‘imj pléné”fegéndléés of

2 values.

From Fig. 3 it can be seen that the projections of ballistic trajec-
tories on the x-y plane do not differ very much for different values of
<. Howsmver, the projections of ballistitytrajectories on the z-x plane

differ slightly for dlfferent values of B (see Flg 4).

Fhe sensitivity of the impact point prediction to the ballistic co-
efficient & is a function of the value of B for low £ the sensitivity
is large, ond for high £ the sensitivity becomes small. Therefore, it is
rather important to detect whether a target missile has low £ or high A
In the high-£ case, it is possible to predict'the impact point with high
accuracy. Any inaccuracy can be made smaller by re-estimating the bal-
listic coefficient. The major effect of £ on the trajectory accurs at
an altitude of less than 150,000 {t. Since £ comes into the differential

Iy -
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FIG. 3 BALLISTIC TRAJECTORIES ON THE x-y PLANE, CASE 1
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equations in the form /£ and £ is a verv =mall value for high altitude,
+/F is not a significant term unless the altitude is comparatively low

(i.e., less than 150,000 ft).

it a2 A gy

%
-

B. Influence of 7 in Endoatmosphere

In general, the shape of the B-altitude graph is parabolic-like and
has a maximum value. Several examples are shown in Figs. 5 and 6. Ex-
perimental computations have been conducted by using the minimum, average,
and maximum values for 2. These results were then compared with the exact
solution. The predicted trajectories and impact points for some repre-
sentative cases are shown in Figs. 3, 4, 7, 8, 9, and 10. When the min-
imum value {constant) was used, the numerical results turned out to be
quite different from the exact solution. On the other hand, if the
maximum value {constant) of £ is used, the deviation from the exact solu-
tion is not too large. For the case of high £, the maximum value will
give the impact point without a significant error. However, the approxi-

mate value of 2 will cause an error in the impact time.

If a target missile is known to have a characteristic of high £, it
is permissible to calculate the impact point by using a predicted maximum
value of £ or a value slightly smaller (by 10 to 20 percent) than the
maximum value of £ If a target missile has a characteristic of low &,
the prediction of the impact point will be more difficult than that for

a high-S missile (refer to Figs. 3 and 4).

Consider the x-y projuction of the trajecéory. The impact points
for high-£ ballistic coefficients are very close to cach other even-
though the £ values are different  Some examples where £ ranges from
1000 to 5000 1b/ft® show that the deviations are 5000 ft in the x
direction and 3000 ft in the y direction at the impact point (refer to
Figs. 3 and 4).

For low-£ and high-£ missiles having the same initial conditions
and impacting on the surface of the earth, the impact points for the
low-." missiles lie on the x-y projection of a trajectary for a high-F
missile; in other words, the projections of low-£ missiles on the x-y
plane are shorter than those of high-Z missiles. Morcover, the x-y pro-

jrctions of these trajectories are almost straight lines.

"
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" FIG. 10 BALLISTIC TRAJECTORIES ON THE 1-x PLANE,

CASE 3
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Projections of trajectories on the z-x plane for different values
of A are again almost the¢ same down to an altitude of 100,000 ft. Below

100,000 ft, the z-x projections start separating and produce comparatively
significant differences at impact. Some examples show that, because of
different £ values (from 200 to 5000 lb/ft?), projections of trajectories
on the x-y plane differ almost 50,000 ftv in the x direction ana 0,000 ft
in the y direction (refer to Figs. 3, 4, 7, and 8).

Naturally the deviations differ according to the different vaiues
of the initial conditions. 1If the initial altitude is low and the descent
speed z is high, then the deviation due to the different values of £ is
not large. For comparison purposes one example of this kind is shown in

Figs. 9 and 10.

C. Effect of Nonlinearity in Endoatmosphere

For endoatmospheric prediction, the nonlinear term C is negiigibl-
if there is no significant change in values of r and V. [In the endoatmos-
phere case the maximum deviation of r will be

ro - rlimpact) » la *300,000) - a .

T 1.43 x 107 .

r(imgact) e

where a is the radius of the earth. Hence, the v.lueilfrg - 1/r%in the
term C is negligible compared to 1/r) for the endoatmospheric missile

trajectories.

On the other hand, the value [V, - V) in the term € is net necessarily
negligible compared to V,. Since a high-£ missile does not slow dawn sig-
nificantly, the value [V - V] is negligible compared to iy, Th+ velocity
of a low-.* missile chanpes ita velocity nuch more than that of a high-f
missile. As a result, the value {¥) - ¥] is not negligable. and for some

low-3 missiles

Vo - ¥

L
¥, Y,

- beeezsa 0.5 or grester.

< AL e b

Th A Wit et

A iy - 4

-




i

In conclusion, for endoatmospheric prediction the term € is negli-

gible for high-5 missiles, and the term € should be handl ed carefully for

fow-/ missiles. In order to illustrate the effects of the term C on
prediction, trajectories of high-3 and low-fB missiles are shown. Figures
11 and 12 and Table I show the high-8 case, and Table II shows the low-f

case,.

D. Influence\of'h'in Endoatmosohere

For endoatmospheric prediction, the influence of the ‘earth rotation
rate «w is much more significant than that of the eccentricity e. An ex-
ample of a high-3 missile in the endoatmosphere is shown in Figs. 11 and
12 ard Table I. With and without?consideration of @, the flight time
difference 1s less than 0.5 sec and the deviation of the impact points is

abeut 6400 ft (5000 ft in the x direction and 4000 ft in the y direction).

In this example. it takes about' 43 sec to impact. A fixed point on
the equator moves about 10 nautical miles during these 43 seconds. Then
why is the deviation of the impact points with end without consideration
of u about 1 nautical mi1§ rather than 10 nautical miles? The answer to
this q -stion 1is stréightforward: The velocity of a target is measured
with respect to the &oving coordiqate‘system. which is fixed to the
earth at the radar site anq‘rotazes with the earth. Therefore, the
deviation of impact,points;with and without w is not caused by the motion
of the radar site but is mainly caused by the effect of the coriolis term
in Eq. (1). . ‘

Another example is shown in Table II. This is the case of a low-8
missile in the endoatmosphere. The deviation of the impact points with
and without consideration of « is about 5000 ft (4000 ft in the x direc-
tion and 3000 ft in the y direction). Since this is a low-B missile, it
takes about T4 sec to impact, which is about 80 percent longer than the
time required for the high-8 missile with the same initial conditions.
The Inw;ﬁ missile takes a longer time to impact than the high-8 missile,
yét.the~deviation10f impact points for the low-fS missile with and without
consideration of « is smaller than that for the high-3 missile, This is
because the main contribution ~f @ is the coriolis term, which is pro-
portional to the vector product w X ¥ of the earth rotation rate and the
velocity of the missile, Since @ is constant, the effect due to coriolis
teem depends on the magnitude of ¥, The higher the velocity of a missile,

the arger the deviation that will occur,

18
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E. Effect of Fccentricity in Endoatmosphere

Eccentricity e comes into the differential equation of motion as the :
correction introduced into the gravitational force term due to the oblate-
ness of the earth. The deviations of impact points with and without con-

sideration of the eccentricity e are shown in Figs. Il and 12 and in :
Tables 1 and II. :

Figures L1 and 12 and Table 1 show the case of a high-£ missile in
endoatmosphere. The deviation is about 220 ft (180 ft in the x direction

and 130 ft in the y direction). There is no difference in impact time.

Table IT shows the case of a low-Z missile in endoatmosphere. The
deviation 1s about 100 ft (100 ft in the x direction and 22 ft in the y

direction). The difference in impact time is about 0.03 sec.

In conclusion, the effect of the eccentricity e is entirely negligible

for trajectory prediction in the endoatmosphere.

F. Approximation of Nonlinear Term in Endoatmosphere

As discussed in the previous sections, Eq. (1) can be approximated

as

X

AX + B for high B missiles, (4)
and

X = AX+B+C for low 8 missiles (5)

in endoatmospheric trajectory prediction.

If we consider /83, r, and V to be piecewise constant, then the
matrix 4 and the term € become pieéewise constant, Hence, it is possible
to find a piecewise closed-form solution for Eqs. (4) and (5). The accu-
racy of the solution depends upon the integration step size and the time
interval during which /B8, r, and V are kept constant. Experimental
computations were performed by taking five time intervals, namely, 1, 2,
3, 4, and 5 sec. The results are shown in Tables [Il and IV.

The purpose of obtaining a closed-form solution is to shorten the
computation time to predict the missile trajectory. 'The approximation !

described above produces some inaccuracies. If the inaccuracies can be l
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tolerated, a closed-form solution should be used in order to reduce the

computation time.

As a referemce, it may be helpful to give an approximate computation

time to solve the differential Eq. (1) numerically. [If the iteration step

size Ot is taken as 100 msec and if one iteration does not exceed 0.2 msec,
then the numerical calculation of a missile trajectory for a 50-sec flight

requires less than 0.1 sec of computatioa time.
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IV EXOATMOSPHERIC PREDICTION

In this report, the exoatmosphere is defined as the space above alti-
tude 300,000 ft. Since the characteristics of the motion of ballistic
missiles in the endoatmosphere and exoatmosphere are significantly dif-
fzrent, it is very meaningful to cLtain schemes of predicting trajectories

separately.

As discussed in Sec. IIl, the equation of motion of missiles in endo-

atmosphere is described by Eqs. (2) or (3). The equation of motion of

missiles in exoatmosphere can be approximated as

X = AX +B+C . (6)

Projections of the trajectories in exoatmosphere on the x-y plane

are almost straight lines. Projections of trajectories on the z-x plane

have the shape of an ellipse or a parabola. One example is shown in
Figs. 13 and 14 and Table V.

The values of ;g is 1.488 % 10”7 1b ft=% 4t altitude 300,000 fu
(ig = 7.6474 % 10-%1b ft=? at the earth surface). Therefore, the
element (1g/22)V has very little influence on the solutions regardless of
the value of & The classification of missiles is no !6nger’meaningful
in exoatmospheric prediction problems. If we consider the term(cg/28W
to be negligible, then Eq. (6) is simplified as |

k- el o

vhe.e
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In the following sections. we

of the above approximations in Eqgs.

"‘CM""?_-..,I_ y

o (L2
o\ry rd L

wiliidis@gsérthe Aegregﬂof the accuracy

(6) and{(i){:

A. Effect of Nonlinearity.in Exoatmosphere

As discussed before, the nonli
missiles in endoatmosphere. Howeve

fully for low-f missiles:in endbatm

néar-Léfmggwia‘ﬁcgligibfe<for high-8
r.ﬁthé term Qi§hould;bg handled care-.

osphere.

The effect of nonlinear tern C (or C) iéinot@negligible for any mis-

sile in exoatmosphere. This is due
values of r and V during the flight
and 14, [f the flight time ts reas
values of r and V are negligible ev

ef handling the term € {or £) is to

Lo thevsignifiqant changes .in the

. One example'is shown in Figs. 13 o
onably small, then tﬁc changes in the
en in exdatmosphere. Hencé, one way

make it piecewise constant. This
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approximation allows us to reduce Eqs. (6) and (7) to lincar differential
cequations with constant coe{ficients. As a result, it is possible t. ob-
tain a piecewise closed-form solution. This approach is discussed in the

next section.

B. Approximation of Nonlinear Term in Exoatmosphere

In the Nike-Zeus system, prediction of the trajectory of a reentry
vehicle is based on an>analyticgl closed-form sclution of an approximate
set of equations of motion.* In order to obtain an analytic solution to
the eqﬁations, the effect of gravity is omitted, and the resulting predic-
tions are corrected for gravity. This is one way of approximating the

original differential equation to find a closed-form solution.

Another approach is to divide the total flight time into several
= intervals and to find a closed- form solution for each interval. In other
words, term C is eliminated and the initial values of r and V {only r in
Eq. (7)] are used for a certain time interval [0, At]. 7Tlhe values of r
and V are recalculated by usiﬂg the state values at time &t. and these
revised constant values of r and V are used for ca'culating the trajectory
for the next time interval [At, 2At]. This same procedure is continued

until impact is reached.

This idea is demonstrated for an exoaimospheric trajectory, and the
results are tabulated in Table V. The deviations of the predicted ppsi-
-tion from the exact value after 240-sec flight are the following:

50,000 ft ------ without term C

20,000 ft ------ 60-sec correction of r and V in C
10,000 ft ------ 30-sec correction of r and V in C
5,000 ft ------ 10-sec correction of r aﬁd y iﬁ c .

The more frequently corrections are made, the more accurately we will
‘obtain solutions. The suitable number of intervals for dividing the total

- time depends on the error constraints.

If the total time T is divided into N intervals of At, then the

original equation is approximated as

Xn(t) = A X (t) + B for bt < t < (n+ DAt
) o= 0, 1{-2 ,

3?
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and the 1nttial conditions are defined as

X R T )

0 = x, .

ﬂ

SN L

X,tnde) = X _,ln+ DA), n = 1,2 e .

sk

In the case of exoatmospheric trajectories, £ is negligible; hence,

A, and B, can be considered to be constant.

Sk B i

pr—,

C. 1Influence of « in Exoatmosphere

An example ofa missile trajectory in excatmosphere is shown in

Figs. 13, 14, and Table V. The deviation of the impact points (compared
at the same time rather than at the same altitude) with and without con-
sideration of « is about 75,000 ft (8,000 in the x direction, 25,000 ft

in the y direction and 70,000 ft in the : direction) after 240 sec of

flight.

The velocity of the missile in this example is much larger than that
in endoatmosphere examples shown previously. Hence, the effect of the
coriolis term is greater.

Although the effect of « is negligible for endoatmospheric trajectory ;
predictions, the effect is very significant for exoatmospheric trajectory

predictions.

D. Influeuce of Fccentricity in Exoaimosphere

Figures 13, 14, and Table V show the case of a missile in exoatmos-

phere. The deviation of impact points with and without consideration of

the eccentricity ¢ is about 2100 ft (200 ft in the x direction, 500 ft in

the y direction and 2000 ft in the z direction). The eccentricity e is

negligible (with certain reservation) for the cases in exoatmosphere,

The main objective of neglecting the term D containing the eccentric-

ity e is to simplity the differential equation in order to obtain a closed-

For exoatmospheric trajectories, the deviation can be as

form solution.
[f the tolerance of

large as 0,5 nautical miles after a 240-sec flight.
the error is several miles, then the eccentricity e can be considered ]

as zero. If eccentricity e cannot be considered as zero, then it is

clearly difficult to find a closed-form solution.
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One way to overcome this difficulty 1s to find an efficient numerical

integration technique. It is feasible to obtain a solution of the dif-
ferential equation (1) by using about 0.5 sec of computer time on a
present-day computer (e.g., UNIVAC 1108). The flight time for these exo-
atmospheric cases 1s on the order of 5 minutes or more; therefore. 0.5 sec

can be well justified for the computer calculations.

It is also possible to neglect the effect of eccentricity e and to
simplify the differential equation so that the closed-form solution can be
found. 1In order to support the above statement, it is usefu’ to tabulate
the state values at 60 sec after the initial time for trajectories with
and without consideration of the eccéntricity e. The last two rows of

Table V show that the deviation 1s about 160 ft after 60 sec.
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V. SENSITIVITY OF IMPACT POINTS TO INITIAL VALUES

When the state values of an incoming missile are estimated, some
errors are inevitable. In order to reduce errors, the computation time
must be increased significantly. The knowledge of the propagation of
initial eriors to the final values in prediction is very meaniﬁgful in
order to evaluate the trade-off between the magnitude of prediction errors
and the computation time in estimation. For this purpose, the sensitivity

of the initial values to the impact points is briefly investigated.
The following simplified equation is used for the sensitivity analysis:

s

Xt - B

R O O O 0

where a and b are constant. ‘Then the solution is described as

(10 0 ¢ 0 0] 0
1,
01 00 ¢ 0 - at?
2
(1) = |90 o0 1 0 0 ¢ V(O }éb,z _ (8)
00 0
0 1 0 at
i 0 1 | be |

If there is a small error &X in X(0), then the state value X(T) at time

T is expressed as
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(10 0 T 0 0] 0]
. | R
0O 1 0 0 T 0 5 al”
X(r - 0 0 1 0 o T {_&(0) + M] + 1()7'2
2
0 1 0 0 0
v 0 0 1 0 aT
00 0 0 ] L bT
r -
1 00T o 0
01 0 0 T O
¢ o1 0 0 T
= A(T) + A : (9)
¢ 0 0 1 0 0
0 0 0 0 1 0
¢ 00 0 0 1]

The examples considered previously are used again for the sensi-
tivity analysis. 1In both endoatmosphere and exoatmosphere cases, 10 per-
cent and 20 percent errors are independently introduced into each initial
value. The propagation of each error to the final values is evaluated
by integrating the differential Eq. (1) numerically and by using the
relationship in Eq. (8). These results are shown in Tables VI through
.X. The values in parentheses in these tables are theoretical resules
Ly using the relationship in Eq. (8). According to Ref. 2. the estina-
tion errors will bLecome about 2 percent after 3-sec of filtering. Hence,
this sensitivity analysis will give better results for more realistic

cases.

This coarse sensitivity analysis gives a good iudication ol the propa-
gation of errors in the initial values. 1In the example of exoatmosphere,
the sensitivity analysis and the numerical integratios agree very well, In
the case of endoatmosphere, the analysis ond the numerical integration match
very well in most cases, but the cases where errors exist in 2(0) and :(0)
do have significant deviations. Errors in x(0), y(0), x(0), and v(0) propa-
gate in the manner expresscd in Bqo (9). The position errors propagate
without any amplitication and have little intluence on the velocity,  The
icluvity errors propagute without any wmplitication on the velogity atself,

but they have a signiticant eifect on the position errors,
P i
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Vi CONCLUSION

The differential Eg. (1) is a good mathematical model of the bal-
listic motion. Without any approximation, it scems hopeless to {ind a
closed- form solution of Eq. (1). The only way to find a solution of
Eg (1) is numerical integration. As a result, it requires a signifi-
cant amount of computation time. This memorandum describes a simplifica-
tion of the differcntial Eq. (1) of the ballistic trajectories. The main

purpose of an approxirition is to obtain a closed-form solution.

lie problems are divided into two domains, namely the endoatmospheric
problem and the exvatmospheric problem. The endoatmospheric problem ia
again divided into two: namely, the high-Z case and the low-£ case. In
each case. the influences of the eccentricity e, the rotation rate «, the
ballistic coefficicent . and the nonlincarities are considered. A summary
of the influences is shown in Table X. In exoatmospheric grediction prob-
lems. the earth rotation rate & and the nonlinear te's C should be treated
carefully. and in endoatmospheric prediction problem. the ballistic co-
efficient * should be handled properly. The effect of the ballistic
coefficient is very significant on the trajectory at low altitudes (e.g.,
for impact point and impact time prediction). Further research effnrt
should be oriented toward improving the estimation and prediction of

ballistic coefficients.

Future work on the prediction problem is to obtain closed-form
‘solutions of Eqs. (3) and (7). One pos:ible‘viy is to find o piecewise
closed- form solution over a suitable time interval by taking constant
values of ., .7 and E in Eqs. (3) and (7)., respectively.

Table X ‘
SOMARY OF INFLLENCES OF ¢, &, €, AND S
. SENMTIVITY
’ “ £ oF 4

Facat sosphe te aegligeble | agnifwant | cipnificant | 5 o neplapabile

setiafbgrsly 38

) efn R

Fedr. Mgk o | aegtaiesbie roshicobte | aeelipible | e sennatinaty
Voo aephere wredigrbie | neeligible |- sipmifacant | Qagh srnradivany
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APPENDIX

The derivation of the differential Eq. (1) is discussed in this

appendix.

If ¥a? is the absolute acceleration of amissile P (it is considered
1o be a particle) in a reference frame ¥ and = is the mass of P, then
the inertia force F acting on P in N satisfies
F = a¥gf . (A. 1)
The reference frame N is a reference frame in which the center C of
the earth and the earth's axis, line NS, are fixed surh that the angular
S F

velocity of the earth E with respect to the reference N, is given by

"JE = {‘: = (‘Q »

where «w = 2r rad/day and n is a unit vectur parsllel to line XS. This
reference frame N is » good approximation te a \LWtQHIAH relecence frame.
From Fig. 1.

A A A
$ * xi e y) o+ 2k

~

A A A
where 1, ) and k are unxt ‘ectors defi ned \n Fig. l snd 1, v, and : are

the measure numbers in the directions z ;. and k ‘respectivelv.  The
velocity of P «ith respect to the reference & is then expressed’ aa
fds A

L] ‘A (Y .
‘V’»Q dt., x‘,y,‘@gb' .

The accelerat\ons ‘gf s a’ at time t* are related by

asr - tgf', L} o Yoo » EpP : {A. )

.« N
seras sy ads thi umlunnuv- [Ad IR YY1 nw-nl w k.
'
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where P* 1s the peint faixed in E that coincides with P at time t*, and

- * . . . R .
¥aP" is illed the coincident-point velocity and the vector 2w X {!P is

called the coriolis acceleration of P for the reference {rames E and N.

. - - - 4 * . .
The coincident point velocity Ya satisfies

.
NEP < Ngcﬂgfxr,wx(gx.’:)

and
”dc_c
Ng€ = 0 , Ngf - = ¢
- dt
The acceleration of P with respect to E is
E JE P
EP d ¥ A, A . g
& = = % ¥ 3
dt t YJ
Therefore,
A A
~_a_P = ki + 5,1 + z‘ﬁ tw X (_a_,-x _[) + 2_a_;x Ezp . (A.3)
Since & and r are expressed as -
A
& = (& sin Hi + w cos uj
z A "
ro= rou¢ ryj + r,k
r. = x ,
i ry = v = R sin (p - p.)
r, = 2+ Rcos (p-p) . (A.4)
The last two terms of Eq. {A.3) are written as

I w s lwxy) = w- rw
f A 2y . -
o ~ofr e w"[(ry cos 4 *+ r, sin p) cos p - r,]}
v w?{( . in p) sinp- rlk
. w'{(r cos p + r, sinp) sinp-r,
Eop . . . A . . A . A
w « By » of{: cos u = y sin w i * xw sin uj - xw cos uk .
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r - 7 - 7

Therefore,

A
¥ = (¢ 2licosp~ysinw)t

A
« {3 + 2%« sin u + o + in L) 3]
¥ s M r’ cos r, sin f) cos Myl

+ {3 - 2xa cos v F,COS U, sin 1) sin Wk . (ALS)
Let us now consider the left-}und side of Eq. (A.1). The force F

acting on a missile P is divided into two elements. numely the drag

force F, and the gravitational force E,; rence,
F - F, o+ F . {(A.6)

The drag force per unit mass acting on a body is given approximately

by the equation

Next, let us find the expression of the gravitational force.
The gravitational potential at P due to the earth £ is expressed® as

G 1
gErP - 2. - _2[31_(11 o I #[n)] oL ,
r 2r

where I i1s the moment of inertia about the line OP and I,, I, and I,

are the principal moments of inertia of the earth £ of the mass m.

Since the gravitational force per unit mass is the gradient of the

gravitational potential, the equation

E,/m - VUE/P

holds, where the operator V is defined as

v A a 2) l\ a
Ve | == +p=+n=— \
a, ", A,
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and X,, X, and X, are measure numbers of the principal axes of the ¢ -th

E. Let us define mutually perpendicular unit vectors ﬂl and ﬁz as shown

in Fig. A-1. Then

Vui/P

1

E/n

[G-2r) « 1, + Il)gl

fﬂg“
r2

2rt

eor ok, +oor b

where I, T,, 13 are the moments of inertia of the earth about the center

) . A AA )
along the directions a,, n,, n,, respectively, and I,,, I,; are the moment

of inertia oi the earth about the center for the pair of directions 31, ﬁg
and %1, 33 respectively.
. By using algebraic transformation, the above equation becomes
, GM A 3G A
. Fim = WP = — « ==, - I - 5sin? ¢k,
’ r? rt
3G (1, -1,)2 sinph
l ort
3 It
(I, -1}
N
2.‘"(12
and
: A
s A
4 ro= -~k ,
then
A A
Ejm = g,r+g,n , (A.8)
where
GM a\?
g, + ~— |1l + 1(-—)(1 - 5 sin? @)
i . ] r
14 r-
F .
i 2GH a\? |
; . 3, - = —) sin P
§ 3 r
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FIG. A-1 ILLUSTRATIONS OF UNIT VECTORS
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A A A
. A A . . LA .
Unit vectors r and n are described in terms of i, J, and k as follows:

A r, A T, A r.oa ] e
ros ——— U =] ==k , fr = Vet e r2 e rt
o TR T sy,
A A . A
n = cos pj *+ sin uk
Hence Eq. (A.7) is expressed as
F TaoA "y Ao T _ A
Egm = e, 77700 (8 T *gacos i \g, ] ¢ Ea sin

(A.9)

By substituting Egs. (A.5), (A.7) and (A.9) into Eq. (A.1) and comparing

AOA R L
the measure values of 1, j, k elements, it is found that

r
. . . o 0 * ol 1
£+ %(i cos u - ¥ osinp) -wir = - o= Vrtg, 7T
2 z 2# g, lrl .
y v dwr sin g - wzry sin? 2
. ‘ oy Ty
+ wor sin @ cos g T = ow= ¥y * Tt cos
N 2 fad I 2‘/5 ) gr ‘rl gﬂ K (A'lo)
3 - Qmi cCoS M~ uzrl cos*" H
. 2y " .
+ wer sin 4 cOosS W = - == ¥z ¢t s 7T Y B, SAIRDH
y S 258 B le] e J
where
r = 00X
4
r, =y - Rsin(u- K,)
r, = ¥ R cos(n = u,)
. 2 2 2y %
r (ro v ry r‘)2
V- (ke gyt i)
oY a\? .y
PRI 4 B Jl{-=} (1 - 5 sin® d)
3 r
Pl
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N 2
g" = - -?-ﬂ‘] (ﬁ)sin(ﬁ

r 2 r
. 1 . .
sin ¢ = = {y cos £ + z sin & + R sin #c}
r .

If a 6 X 1 vector X is defined as

XT = lx,y,z,1,5,2] ,

then Eq. (A.10) is written as Eq. (1) in the main text.
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